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Change of Order of Nematic Phase Transition in
Uniaxially Anchored Systems

Muniriding Yasen
Masashi Torikai
Mamoru Yamashita
Department of Physics Engineering, Mie University, Kamihama,
Tsu, Japan

Nematic phase transition with both uniaxial and biaxial order parameters is
studied in the two kind of external fields where are conjugate to the order para-
meters, respectively. A global phase diagram on the fields versus temperature
space is obtained in the mean field theory, which is similar topologically to the
phase diagram of the three-state Potts in three dimension. From this phase dia-
gram, the phase diagram of the system in the uniaxial field is derived, and the
result is applied to the phase transition of the thin system anchored uniaxially,
i.e., by the homeotropic and planer walls.

Keywords: biaxial ordering; effective field; global phase diagram; Maier-Saupe model;
nematic phase; uniaxial cell

INTRODUCTION

Liquid crystals are characterised by an orientational order, and the
ordering behaviour is well-described, at least qualitatively, by the
Maier-Saupe model [1–3]. Though this model is rather simple, various
phase changes are known theoretically to occur in this model, corre-
sponding to varieties of experimental facts. An ordering direction of
a nematic phase is degenerate and the continuous symmetry is broken
by an external field. In the magnetic (or, electric) field, the first order
transition occurring at the weak field strength changes to a critical
behaviour at a certain critical field strength and no transition occurs
at high field for the system with positive paramagnetic (or, dielectric)
anisotropy [4–7].
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A boundary wall is also an agency to break the symmetry of the
orientatianal order. The effect of the boundary walls to enhance the
nematic order is discussed theoretically by Sheng in the framework
of Landau theory [8], where the first order transition disappears at
the system with thickness smaller than a certain critical thickness.
This phenomenon is certified experimentally by Yokoyama [9]. The
change of phase transition at thin system anchored by the walls
resembles to the one at the system in the field above mentioned
[4–7], showing a similarity of the effects due to the external field
and boundary. In the practical application to liquid crystal displays,
the competition between both effects due to the field and boundaries
[10] is utilised. However, the difference between them should be also
noted. After these investigations, various theoretical and experi-
mental studies about the ordering behaviour at various confined sys-
tems have been carried out [11–13]. In the study of a smectic layer
ordering at the system anchored homeotropically, one of the present
author and his coworker have introduced a method to study the tran-
sition of thin system, in which an inhomogeneity due to the boundaries
is expressed in terms of an effective field which depends not only on
temperature but on position [14]. The behaviour of the system is
argued by observing a locus of the effective field on the phase diagram
of field versus temperature plane.

This theory has been applied to various problems, the nematic
ordering [15–17], the smectic one [18] and a phase transition of a
freely suspended film of ferroelectric smentics [19,20]. The phase
diagram of the bulk plays an important role in the theory, and a
derivation of the phase diagram in the external field is inevitable. In
the previous study of nematics [16], phase transitions in a uniaxial
field with a tricritical point (which is first pointed out by Fan and
Stephen [21]) together with a critical point is studied, where a simi-
larity of the global phase diagram to the one at the tree-state Potts
model in three dimension [22–24] is suggested. On the basis of
this phase diagram, phase transitions under various types of anchored
conditions are classified systematically [16]. In the present paper, we
study minutely the phase transitions occurring at the Maier-Saupe
model exposed to the two kinds of external fields which are conjugated
to a uniaxial and biaxial order parameters, respectively, and apply the
results to the phase transitions of thin systems.

In the next section, two order parameters and conjugated fields are
introduced, and general formalism for the Maier-Saupe model is given
in the mean field theory. Following to this, the global phase diagram is
obtained by the numerical analysis. A certain cross section of global
phase diagram is nothing but the phase diagram in the uniaxial field

78=[1642] M. Yasen et al.
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[16,21], based on which the phase change in the thin system anchored
uxiaxially is discussed. Finally, summary is given.

GENERAL FORMALISM–MAIER-SAUPE MODEL

The nematic order parameter s is usually given as a thermal average by

s ¼ 1

Nt

XNt

i

hP2ðcos hiÞi; ð1Þ

where h is an angle between a long axis of i-molecule and a preferred
direction along which the orientational order will appear,
P2ðxÞ ð¼ð3x2 � 1Þ=2Þ the second Legendre’s polynomial and Nt denotes
the total number of molecules. Corresponding to s, the symmetry
breaking field h is introduced, and the field energyHext is expressed as

Hext ¼ �h
X
i

P2ðcos hiÞ: ð2Þ

In case the magnetic field H is applied, h is equal to vaH
2=2 with va the

anisotropic part of paramagnetic susceptibility. Though h is true
symmetry breaking field for the case of positive anisotropy, another
order parameter and symmetry breaking field are required for the
negative anisotropy, because the long range order should appear in
the plane perpendicular to h.

Let h be in direction to z-axis. Generally, all directions are equiva-
lent, and we introduce here P2(cosvix), P2(cosviy) and P2(cosviz) with
direction cosines cosvix, cosviy and cosviz (viz ¼ hi), and conjugate field
hx, hy and hz. Then, the field energy Hext is generalised as

Hext ¼ �
X
i

fhxP2ðcos vixÞ þ hyðcos viyÞ þ hzðcos vizÞg: ð3Þ

For those, P2(cosvix), P2(cosviy) and P2(cosviz) the following identity
satisfied,

P2ðcos vixÞ þ P2ðcos viyÞ þ P2ðcos vizÞ ¼ 0: ð4Þ

We see that independent parameters are two and that a quantity
fP2ðcos vixÞ � P2ðcos viyÞg describes the broken symmetry in the x-y
plane. We introduce here another order parameter r given by [16,21]

r ¼ 2

3

1

Nt

X
i

hP2ðcos vixÞ � P2ðcos viyÞi

¼ 1

Nt

X
i

hsin2 hi cos 2uii; ð5Þ

Change of Order of Nematic Phase Transition 79=[1643]
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in which ui denotes the azimuthal angle of i-th molecule. As two vari-
ables are independent, independent conjugate fields are also two, and
we can choose hy arbitrarily with no loss of generality. By choosing hy

to be �hx and using h0 (¼ 3=2hx), Hext is reduced to

Hext ¼ �
X
i

fh0 sin2 hi cos 2ui þ hzP2ðcos hiÞg; ð6Þ

In the mean field theory, the Maier-Saupe Hamiltonian is given by
[1–3,16]

H0 ¼ �V
X
ði;jÞ

P2ðcos hi;jÞ ð7Þ

where hij denotes an angle between long axis of i-th and j-th molecules
and V an effective coupling constant.

The partition function in the symmetry breaking field gð¼ bh0Þ
and fð¼ bhzÞ is written as

Zðg; fÞ ¼
Y
i

h Z 2p

0

dui

Z p

0

dhi sin hi expfg sin2 hi cos 2ui

þ fP2ðcos hiÞg
i
e�bH0 ; ð8Þ

in which b is the inverse temperature 1=kB with Boltzmann constant
kB. It is well known that the result derived from the partition function
obtained up to the order b equivalent to the one in the mean field
theory [15,16]. We write Z(g, f) in an expansion form as

Zðg; fÞ ¼
Y
i

Z 2p

0

dui

Z p

0

dhi sin hi expfg sin2 hi cos 2ui þ fP2ðcos hiÞg
� �

� ð1� bH0Þ þOðb2Þ
� �

: ð9Þ

A partition function for one molecule is defined by

zðg; fÞ ¼
Z 2p

0

dui

Z p

0

dhi sin hi exp g sin2 hi cos 2ui þ fP2ðcos hiÞ
� �

ð10Þ

and function I(g,f) and J(g,f) are introduce as,

Iðg; fÞ ¼ @ ln zðg; fÞ
@g

; ð11Þ

Jðg; fÞ ¼ @ ln zðg; fÞ
@f

: ð12Þ

80=[1644] M. Yasen et al.
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Then, partition function (9) is calculate as

Zðg; fÞ ¼ zNtðg; fÞ 1þNtbVz
2

3

4
I2 þ J2

� �
þOðb2Þ

� �
; ð13Þ

in which z denotes a mean number of the nearest neighoiring
molecules for one molecule and we use an addition theorem for
P2(coshij) given by

P2ðcos hijÞ ¼ P2ðcos hiÞP2ðcos hjÞ þ
3

4
sin 2hi sin 2hj cosðui � ujÞ

þ 3

4
sin2 hi sin

2 hj cos 2ðui � ujÞ: ð14Þ

It is noticed that the second term in Eq. (14) has no contribution to
Z(g,f). Because Eq. (13) is calculated up to the order b, we obtain the
following expression,

lnZðg; fÞ ¼ Nt ln zðg; fÞ þ bVz
2

3

4
I2 þ J2

� �	 

: ð15Þ

The order parameter r and s are given by

r ¼ 1

Nt

@ lnZðg; fÞ
@g

¼ Iðg; fÞ þ bVz
3

4
Iðg; fÞ @Iðg; fÞ

@g
þ Jðg; fÞ @Jðg; fÞ

@g

	 

: ð16Þ

s ¼ 1

Nt

@ lnZðg; fÞ
@f

¼ Jðg; fÞ þ bVz
3

4
Iðg; fÞ @I

@f
þ Jðg; fÞ @Jðg; fÞ

@f

	 

: ð17Þ

Taking account of the relation, @Iðg; fÞ=@f ¼ @Jðg; fÞ=@g
ð¼ @2 ln zðg; fÞ=@g@fÞ, Eqs. (16) and (17) are reduced to the following
forms up to the order b as,

r ¼ I gþ 3

4
bVzr; fþ bVzs

� �
; ð18Þ

s ¼ J gþ 3

4
bVzr; fþ bVzs

� �
: ð19Þ

Those Eqs. (18) and (19) are the self-consistency equations, which will
be solved numerically in the following section.

Change of Order of Nematic Phase Transition 81=[1645]
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The free energy DF is calculated as a function of r and s by

bDF ¼
Z s

0

ds0fð0; s0Þ þ
Z r

0

dr0gðr0; sÞ; ð20Þ

where g(r, s) and f(r, s) are determined from Eqs. (18) and (19). By
using eqs. (18) and (19) we can rewrite DF in the form as,

DF ¼ 1

2
Vz

3

4
r2 þ s2

� �
� kBT ln

z 3
4bVzrþ bh0; bVzsþ bhz

� �
zð0; 0Þ : ð21Þ

GLOBAL PHASE DIAGRAM

Here, numerical analyses of the self-consistency Eqs. (18) and (19) are
carried out in the fields h0 and hz, that is, hx ¼ 2=3h0 and hy ¼ �hx. It
is noticed that the case, hz ¼ hx ¼ � hy (¼h0), is identical to the fields,
hz ¼ hx ¼ 0, hy ¼ �2h0. Because of the equivalence of the three fields,
hz, hx and hy, we have only to study the case, hz � hx � 0. In Figure 1,
the coexisting curve which ends at the critical point C is shown for
various values of hx; (a) 0, (b) 0.005, (c) 0.10, (d) 0.015 and (e) 0.02
(here and hereafter, the fields are scaled in the unit Vz and the tem-
perature in Vz=kB). The tricritical point labelled as TCP is located at
Tt ¼ 0.2415 and hxt ¼ 0.02692 [16]. From those results, the critical

FIGURE 1 Coexisting curve, where hy ¼ �hx and values of hx are; (a) 0,
(b) 0.005, (c) 0.01, (d) 0.015 and (c) 0.02 in the unit Vz.

82=[1646] M. Yasen et al.
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curve is obtained in the hz versus hx plane as shown in Figure 2, where
the critical curve for hx > hxt is located on the line hz ¼ hx. The area
between the critical curve C-TCP and the dotted thin line (hz ¼ hx)
indicates the coexisting surface, whose cross sections are the coexist-
ing curves in Figure 1. Near TCP the critical curve has the form as
hz � hx ¼ aðhxt � hxÞa with an estimate affi 2.7 as shown in Figure 3,
in which three lines with slopes 2, 2.7, 3, respectively, are drawn for
a guide of eye.

The set of values of the fields (hx, �hx, hz) in the above study is
identical to the set (2hx, 0, hxþhz). Taking account of the identity,
the phase diagram on the hz versus hx plane under the condition
hy ¼ 0 is derived by mapping Figure 2 on this plane, which is mapped
successively onto the hx–hy–hz plane with oblique coordinate system
as shown in Figure 4, where we use the equivalence of three fields
and symmetry of reflection. It is stressed that the oblique coordinate
system is essential in the present system, because the horizontal
direction, (hx � hy) with the strength hx ¼ hy, and the vertical one,
hz, correspond to the symmetry breaking fields h0 and h, respectively.
This phase diagram is similar topologically to the one for three-state
Potts model in three dimension [22–24]. In the previous study, this

FIGURE 2 Critical curve in the hz versus hx plane the condition hy ¼ �hx,
where TCP denotes the tricritical point.

Change of Order of Nematic Phase Transition 83=[1647]
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FIGURE 3 Plot of the critical curve of figure 2 near TCP where ln(hz � hx)
versus ln(hxt � hx) are plotted showing the index 3.

FIGURE 4 Phase diagram on the oblique hx�hy�hz plane.

84=[1648] M. Yasen et al.
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types of phase diagram is suggested from the argument based on the
symmetry consideration combined with the location of the critical
point one [16]. Here, the phase diagram, especially the detail of critical
curve, is certified by the concrete numerical calculation.

UNIAXIALLY ANCHORED PHASES

Phase Transition in the Uniaxial Field

For the purpose of discussing the phase transition off the system
anchored uniaxially, we obtain the phase diagram in the uniaxial
field, which is nothing but the cross section of Figure 4 at a certain
axis, say, z-axis. In Figure 5, the phase diagram is shown in which
the broken curves denote the coexisting curves and the solid one the
critical line. The coexisting curve in the positive field region indicates
the coexistence of two phases, high temperature phase and the ordered
one in the z-direction, while the curve in the negative field region is
the triple line along which three phases, ordered phase in the x-,
and y-directions, respectively, together with the high temperature
phase, coexist. We have another triple line lying on the T-axis, where
three ordered phases coexist. We notice here the magnitude of tricriti-
cal value jhtj (¼ 0.05383) in this plane is twice of hxt in Figure 2.
Temperature dependences of the order parameters describing the

FIGURE 5 Phase diagram in the uniaxial field h.

Change of Order of Nematic Phase Transition 85=[1649]
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behaviour of the system are shown in Figure 6 for several values of h;
(1) þ0, (2) 0.005, (3) 0.015 in (a) and (4) �0.025, (5) �0.05, (6) �0.07
in (b). For positive value of the field r vanishes irrespective of
temperature.

FIGURE 6 Temperature dependences of s and r for various value of h.

86=[1650] M. Yasen et al.
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Change of Ordering Process in the Thin System Anchored
Uniaxially

In the inhomogeneous system anchored by the walls, the order
parameters changes depending on the position q denoting the distance
from the boundary wall; r(q) and s(q). The molecular field applied to
Pðcos hiÞ of the i-th molecule at q is considered to be Vfðz� 2ÞsðqÞþ
sðqþ lÞ þ sðq� lÞg on an average, where l denotes a mean separation
of neighbouring molecules in the z-direction. So as to make the
numerical study easy, we use the discretised expressions rn and sn,
ðn ¼ 1; 2; . . . ;NÞ, which corresponds to the treatment that the system
is decomposed into N thin sheets with thickness l. Then, the molecular
filed is expressed as Vfðz� 2Þsn þ snþ1 þ sn�1g, which is rewritten in
the form, ðVzsn þ hnÞ, with an effective field hn defined by

hn ¼ Vðsnþ1 þ sn�1 � 2snÞ ð22Þ

Similarly, an effective field h0n is defined by

h0
n ¼ 3

4
Vðrnþ1 þ rn�1 � 2rnÞ ð23Þ

Here, we obtain the self-consistency equations for rn and sn as
[14,16,17]

rn ¼ I bh0
n þ

3

4
bVzrn; bhn þ bVzsn

� �
; ð24Þ

sn ¼ J bh0
n þ

3

4
bVzrn; bhn þ bVzsn

� �
: ð25Þ

These forms are same to the bulk ones under the effective fields h0n
and hn. In case the fields are constant, the behaviour of rn and sn are
same to the bulk ones (18) and (19). The Eqs. (24) and (25) suggest the
similarity and also the difference between both effects due to the fields
and anchoring walls, whereas h0n and hn are dependent of tempera-
ture and position.

The homeotropic anchoring system has been studied detail; at a
certain thickness of the system, the first order phase transition
changes to the critical behaviour, and for the system of thichness
smaller than that no phase transition occurs [8,17]. The profile of is
concave and the effective field hn given by Eq. (22) is positive, while
rn and hn are zero. By observing hn on the positive field area of Figure
5, it has been found that near this critical thickness unstable state
which never appears at the bulk system occurs in the inner portion
of the system [17]. The appearance of such unstable state in the thin

Change of Order of Nematic Phase Transition 87=[1651]
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system shows the typical difference of the effect caused by the walls
from that due to the external field.

To see what happens at the planer anchoring system, we show in
Figure 7 the phase diagram in h0 versus T plane for representative
two cases; (a) jhj < jhtj and (b) jhj > jhtj, which are the cross sections
of Figure 4 and 5 with constant hz values larger and smaller than
ht, respectively. The coexisting curves appearing in the finite field
region of h0 in (a) come from Figure 1.

For the planer system with enough thickness, the first order
transition is assumed to occur, in which the high temperature phase
is uniaxial with quite small but negative value of sn induced by the
anchoring walls. The profile of fsng is convex and accordingly hn takes
negative value, while rn and h0

n are zero because no symmetry is
broken in the xy-plane. The negativeness of hn above mentioned is
common to the low temperature phase, in which the ordering is biaxial
because the symmetry is broken. Irrespective of the profile of {rn}, con-
vex or concave, h0

n jumps from zero to a finite value at the transition
point. The general feature of h0

n is sketched by the dotted curve in
(a) of Figure 7. As the thickness becomes small, the magnitude of hn

increases. If jhnj exceeds the tricriical value at sufficiently small
thickness, the phase diagram (a) should be replaced by (b), and the
behaviour of h0

n becomes such a curve shown schematically by dotted
curve in (b), where no jump of the order parameter is observed. In
contrast with the case of homeotropic anchoring walls where the first
order transition changes to no transition as the thickness becomes
small, the transition changes to the second order one at the system
with planer walls.

FIGURE 7 Phase diagram in h0 versus T plane where (a) h < ht and (b) h > ht.
The broken thin curve indicates the supposed behaviour of h0

n.

88=[1652] M. Yasen et al.
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SUMMARY

The global phase diagram of the nematic ordering is obtained in the
two kinds of fields corresponding to the uniaxial and biaxial order
parameters. Taking into account the symmetry of the order parameter
space, the phase diagram in the field space with oblique three-fold
axes is derived, which is similar topologically to the one for the
three-state Potts model in three dimension. Two kind of critical lines
cross tangentially with the index about 2.7 at the critical point. These
results are applied to ordering phenomenon in the system with planer
anchoring walls, where the first order phase transition changes to the
second order one as the thickness of the system becomes small.
Though this behaviour has been already suggested, we can discuss
this problem on the concrete ground obtained in this study.

Previously, Fan and Stephen pointed out the change of order of
phase transition under the uniaxial field by phenomenological argu-
ment, in which the tricritical point is derived on the basis of free
energy of expansion form in a couple of order parameter at the region,
the is, (s, r) ¼ (0, 0) [21]. The correct derivation of the tricritical point
has been shown by one of the present authors, where the expansion is
carried out at the tricritical point, (s, r) ¼ (st, 0) with st the tricritical
value of s [16].

In the course of the change from the first order phase transition to
no transition via the critical behaviour as the thickness becomes small,
the unstable state which never occurs in the bulk appears near the
critical thickness in the homeotropically anchored nematic system
[17] and freely suspended film of ferroelectric smectics [19,20]. In this
context, it is quite interesting what happens near the crossover point
from the first order transition to the second order one. To elucidate
this problem, the practical study of the simultaneous Eq. (24) and
(25) is required, and the results will be reported in the near future.
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